ABSTRACT Tensegrity structures emerged initially as an art form, have recently gained substantial interest among engineering researchers. The distinctive attribute of these structures is using pretensioned tensile elements connected to rigid bars to establish an equilibrium of the whole structure. Thanks to these elements, tensegrity structures are lightweight and yet robust. The main challenge impeding their widespread use is the intricate constrained nonlinear dynamics caused by the tensegrity topology. In this paper, we extend the dynamics of tensegrities by adding damping forces and incorporating forces along the connected strings passing through several nodes. As an experimental platform, a two-stage stacked tensegrity manipulator was constructed. The system was actuated using six actuators and the kinematic information of the system was acquired by measuring the node coordinates using optical motion capture. Afterward, we compared the structure behavior to the simulated one using our dynamics formulation. The results of these experiments show that our dynamics formulation is capable of representing the rich nonlinear dynamics of stacked tensegrity manipulators effectively.
I. INTRODUCTION
Tensegrity is a term derived from the conjunction of two words: tension and integrity. It was first introduced by the architect Buckminster Fuller [1] . The tensegrity structure is a combination of rigid bodies and strings (i.e. prestressed tensile elements), where the tensile elements are always in tension and rigid bodies have the ability to resist the force in both directions.
The tensegrity configuration is defined as a set of positions and orientations of the rigid bodies in a tensegrity, which can be stabilized by a specific connectivity of strings in the absence of external forces [1] . Tensegrity structures can be categorized according to their class as class-k, where k represents the maximum number of rigid elements that are in contact with each other. For example, rigid elements of class-1 tensegrity structures have no contact with each other and are connected only through tensile elements (see Fig. 1a ), whereas class-2 structures have at most two bars connected to each other (see Fig. 1b ).
The associate editor coordinating the review of this manuscript and approving it for publication was Dominik Strzalka. A point in 3D space where rigid and/or tensile elements of a tensegrity are connected is called a node. Traditionally, every connection at a node is modeled as a ball joint. Therefore, string forces acting on the rigid elements of tensegrity, in theory, generate only axial load without any moments or shear forces. In reality, the moments and shear forces are minimal and thus, can be disregarded. This is one of the main advantages of tensegrity structures, since it leads to the known direction of every internal force in the structure. The other advantage of tensegrities is their high load-to-weight ratio thanks to the presence of prestressed tensile elements. Tensile elements are lighter than rigid bodies and their prestress makes the system more robust to external disturbances [1] . Another advantages of tensegrity structures include easy scalability and energy efficiency.
Early tensegrity structures were built as an art form with architectural grace [1] . Most early research was dedicated to equilibrium and stability analysis of tensegrities. For example, the necessary condition for stability of free-standing (i.e. without any external support) tensegrity structures was obtained using the tangent stiffness matrix [2] . Rigidity of prismatic tensegrities was analyzed using stress matrix analysis in [3] . It was shown that if the stress matrix is positive semi-definite and has the proper rank, then the associated prismatic tensegrity structure is rigid. Researchers studied the rigidity of general structures also utilizing quadratic energy forms [4] . Stiffness of prestressed structures was found by two alternative approaches: utilizing equilibrium and stress matrices [5] . This work demonstrated a link between the mathematical rigidity theory and engineering stiffness theory.
Finding stable (equilibrium) initial configuration of the tensegrity structure is called as form-finding. A form-finding method for tensegrities with multiple states of self-stress was introduced in [6] . The method only requires information about the topology and the types of members. Other examples of form-finding techniques applied for tensegrities include: Monte-Carlo method suitable for arbitrary initial configurations and large scale complex tensegrity structures with geometric constraints [7] , dynamic relaxation method applicable for tensegrities with variable topology [8] , genetic algorithms for self-stressed (free-standing) [9] and regular [10] tensegrities, finite element methods tailored for statically indeterminate tensegrities [11] , multi-parameter form-finding [12] , and graph-based approach for complex, irregular and scalable tensegrities [13] . This list of form-finding techniques is by no means exhaustive and the reader is referred to [14] , [15] for further information. The aforementioned initial research in static equilibrium conditions for tensegrity structures was driven by their potential in civil engineering.
The use of tensegrity paradigm in robotics and aerospace, however, requires the dynamics formulation of these systems. The earlier results on tensegrity dynamics were achieved by studying the force-displacement relationships, which describe how the structures move under external loads. Transfer function between an input excitation and the resulting structural oscillation was found by using the second order dynamic tensegrity model [16] . However, due to the assumption of constant matrices in the equations, the solutions were valid only for small oscillations around the equilibrium. Equilibrium and compatibility conditions were utilized to investigate the behavior of tensegrity structures under small perturbations around the equilibrium [17] . Exact analytical solution for the force-displacement relationship of a simple tensegrity was found by using the minimum energy condition in terms of the nodal configuration and edge stresses [18] . Shape control of a tensegrity structure by adjusting the bar lengths was considered in [19] . Researchers employed Newtonian formulation to develop non-linear tensegrity model using constrained particle dynamics subject to the principle of virtual work.
Full nonlinear dynamics of class−1 tensegrities was derived in [20] . The work used Lagrangian methodology to formulate the equations in vector second order form with independent generalized coordinates. Due to the system topology, the approach yields highly nonlinear terms with transcendental functions, which results in a complicated mathematical representation. Linearized dynamic equations were derived based on both Eulerian and Lagrangian formulations [21] , [22] . Based on these equations, harmonic analysis of a three-bar tensegrity and of a six-stage tensegrity prism were performed. However, the obtained equations were valid only around the neighborhood of a reference configuration, around which the system was linearized. Modal analysis of icosahedral and dodecahedral tensegrities was performed in [23] . It was shown that natural frequencies of infinitesimal mechanism modes increase as the square root of the amplitude of the prestress. A comprehensive summary of tensegrity dynamics can be found in [24] .
Several works have focused on the control of tensegrity structures. For example, a method to determine the tendon force inputs that will move the tensegrity structure from one configuration into another along a predefined path was tackled in [25] . The method was based on feedback linearization that utilizes the parameters in the null space of control distribution matrix to obtain admissible and non-saturating inputs. Dynamics of tensegrity structures was utilized also for their locomotion [26] . Specifically, two tensegrity robots were considered: triangular tensegrity prism with three bars and quadrilateral tensegrity prism with four bars. For each of these robots, automatic controllers based on evolutionary algorithms were developed in order to simulate their locomotion based on periodic gate. It was shown that the locomotion ability of tensegrity robots does not drastically decrease in case of a single actuator failure. Vibration control of a three-stage tensegrity tower using active damping was presented in [27] . Integral force feedback, acceleration feedback control and active control methods were evaluated by their ability to reduce the acceleration transmissibility from the bottom base to the top plate. It was shown that force and acceleration feedback control can effectively suppress the first two bending modes of the tensegrity tower. The active feedback control [28] was used to adjust the natural frequencies of the tensegrities by changing the string stresses. The authors demonstrated the effectiveness of the vibration control of the five-module tensegrity obtained by shifting the natural frequencies of the system. VOLUME 7, 2019 In order to simplify the complexity of formulation with independent generalized coordinates, the nonminimal coordinates representation of tensegrity dynamics was introduced in [29] - [31] . In this formulation the system was described with directional vectors of the rigid elements and the positions of their centers. The formulation leads to a larger state space, yet there are several advantages of this formulation. Firstly, it eliminates all transcendental functions from the equations. Secondly, the mass-inertia matrix does not depend on the system states. Therefore, its inverse needs to be computed only once and can be used at all subsequent iterations of simulation. Later work [32] has transformed this dynamics describing the system as 3D positions of the nodes and imposing nodal constraints to preserve the constant length of rigid elements. One of the advantages of this formulation is that it can be easily extended to higher class tensegrity structures by adding virtual nodes while preserving the pairwise connection of the bars to the nodes. We note that alternative equations of motion of the tensegrities might be obtained by Kane's approach [33] , Gibbs-Appell formulation [34] or Udwadia-Kalaba equations [35] . These methods were specifically devised for constrained (holonomic or nonholonomic) and multibody systems.
All of the above formulations of tensegrity dynamics did not include the damping effects, contrary to the real-world tensegrity structures. With the old formulations, a prestressed tensegrity structure, initially at an equilibrium configuration, would start to oscillate if an external impulsive force is applied to one or more of its nodes. These oscillations would be long-lasting. In reality, the oscillations die out rather quickly, which indicates that the damping effects are significant. As the complexity and size of tensegrity structures increase, the discrepancy between their undamped simulations and their real-world damped behavior is expected to increase. Additionally, simulation of deployable tensegrity structures and investigation of their utilization as vibration isolators demand incorporation of dissipative forces into their dynamics equations. Recently, damping forces were incorporated into dynamics of tensegrity bridges [36] . However, the paper contains only simulation results, there is no experimental verification of this damped dynamics of tensegrities, and the structure is not actuated.
In tensegrity structures considered up to date, a single string connects only two nodes. In order to obtain a fully controllable tensegrity robot, each strings needs to be actuated by an individual actuator. Therefore, for complex and large tensegrity systems, number of strings and of the corresponding actuators, increases rapidly. From the control perspective, this is challenging and undesirable. High number of actuators will increase the energy consumption and mass of the tensegrity robots, thus ultimately diminishing and blurring their advantages. One solution to this problem is to make a single actuator control several strings. Therefore a single string, which connects multiple nodes, needs to be implemented in the tensegrity structure. This way it is possible to reduce number of necessary actuators and to place them as close to the base as possible and decrease the overall moment of inertia and mass of the system. Such structures would have considerable benefits for industrial applications, since most of the energy would be spent on moving the target object (end effector) rather than the robot itself, as it happens in traditional industrial manipulators. Moreover, a single string connecting multiple nodes requires less number of clamping elements, which in turn simplifies the tensegrity construction.
The contribution of this paper is twofold: Firstly, tensegrity dynamics with damping forces was formulated and the performed simulations were verified experimentally. These damping effects were incorporated into strings, which generate dissipative forces proportional to the change in the length of the strings. Secondly, cases with a single string connecting multiple nodes were incorporated into tensegrity dynamics. Several strings can be controlled by a single actuator using a single string connecting multiple nodes. In order to test the formulated tensegrity dynamics, a tensegrity structure consisting of two stages (i.e. the stacked tensegrity manipulator) was constructed. Six actuators were utilized to actuate the tensegrity by pulling and releasing the strings. An optical motion capture system consisting of eight cameras was built to measure the motion of the tensegrity robot during the experiments. Finally, simulation results were compared with real-world experimental measurements. Results showed that the proposed tensegrity dynamics formulation accurately describes the real-world tensegrity structure behavior.
The rest of the paper is organized as follows. Section II-A reviews the tensegrity dynamics as formulated in [32] . In Section II-B tensegrity dynamics with single string connecting multiple nodes is formulated, which is followed by incorporation of damping forces in Section II-C. Later the constructed tensegrity structure, which serves as the experimental platform, is described in Section III. This section also includes the description of the simulations and experiments. It is followed by the presentation and discussion of the simulation and experimental results in Section IV, and the paper is finally concluded in Section V.
II. DYNAMICS OF TENSEGRITY STRUCTURES A. CONSTRAINED DYNAMICS OF TENSEGRITY STRUCTURES
In this section, we adopt the derivation of the constrained tensegrity dynamics from [32] . The description of the notations used in this section can be found in Table 1 .
Each point, where rigid and tensile elements are connected, is called a physical node n i , i ∈ {1, . . . , µ}, where µ is the total number of physical nodes. The rigid elements (i.e. bars) are denoted with b i , i ∈ {1, . . . , β} where β is the total number of rigid elements and b i is the directional vector of ith bar, Fig. 2 . Similarly, tensile elements are represented with s i , i ∈ {1, . . . , σ }, where σ is the total number of tensile elements and s i is the directional vector of i-th string. Since in class-1 tensegrity structures rigid bodies are separated from each other, each node has exactly one tip of a rigid element connected to it, i.e. µ = 2β. Higher class tensegrities can also be formulated in constrained class-1 form. For this, all rigid elements are modeled as separate bars. Additional virtual nodes are introduced for the ''freed'' tips of these rigid elements. In total, the system should result in ν virtual nodes n i , i ∈ {1, . . . , ν}, such that ν + µ = 2β.
The node position matrix is constructed by stacking physical and virtual node vectors as columns: N = [n 1 . . . n µ n 1 . . . The string connectivity matrix is derived similarly. The i-th string connects exactly two of either physical and/or virtual nodes,
All other elements of C s are zero. The string direction matrix is then defined as S = NC T s , where the i-th column of S is the vector s i . Since strings are very light compared to the other elements of the structure, their mass is assumed to be negligible. Furthermore, the bars are assumed to have a uniform cross-section with their center of mass located exactly at the geometric center. Because of this assumption, inertia of a single bar about its long axis becomes negligible. It is further assumed that the bars have zero thickness. By using the masses of the bars, a diagonal mass matrixm = [m 1 m 2 . . . m β ] can be constructed, where · is a diagonal operator, which returns a diagonal matrix given a vector or a vector of the diagonal elements given a square matrix. The mass-inertia matrix is then defined as
where C r = |C b | (| · | represents the absolute value of all elements in the matrix).
The matrix W contains all exogenous forces acting at each node, including weights generated by masses of the bars. Since it is assumed that a bar's center of mass is located exactly at its center, the weight of the bar can be split equally to both of its nodes. Taking gravity g acting in the negative z direction, the weight value will have only z component equal to −gm i /2.
The string lengths can be denoted as h i = ||s i || and the string rest length with h 0 i . All strings of the system are assumed to exert force only when they are in tension, i.e. when the string displacement h i = h i − h 0 i > 0. Thus, the stiffness force density in the string i can be computed as
where κ i is the stiffness of i-th string. The tension force vector exerted by the i-th string is t i = γ i s i . It denotes the tension as a vector along the direction of the string and is always parallel to s i when γ i = 0. The matrix of string tension forces can be described with T = [t 1 t 2 . . .
The following equation transforms string tension forces to the nodal forces: F s = −TC s . The i-th column of F s shows the direction and magnitude of the tension force that is exerted at the i-th node by all the strings connected to it.
Since a virtual node is created at the same position as the corresponding physical node, it has to be constrained to preserve its coincidence at all simulation time steps. In order to ensure this, a nodal constraint matrix P and constraint value matrix are introduced, where φ is the total number of constraints. These matrices are related in the following form: NP = . For instance, if we want to add the k-th constraint, which specifies that the virtual node n i is located at the position of physical node n j , then the following relation should be satisfied: n j − n i = 0. From this, it follows that
, with all other elements of the column k of P filled with zeros. The forces, which are generated by all constraints at all nodes can be written in the matrix form F c = P T , where is the Lagrangian multiplier matrix and is computed by solving the algebraic equation (the whole solution is elegantly derived in [32] )
The overall dynamics of the system can be written as
The term N K in (4) represents the string tension forces, together with the reaction forces along the bars, which occur due to the imposed constraints. The matrix K is given as
withl = [l 1 l 2 . . . l β ] denoting a matrix of fixed bar lengths. Physically,λ is a diagonal force density matrix, with every diagonal element representing a force density acting along a corresponding bar. The force density includes bar reaction forces as well as constraint force required to preserve the bar length. The equation is derived from single bar dynamics in [29] and [32] .
B. TENSEGRITY DYNAMICS WITH COMPOSITE STRINGS
This section covers the derivation of the forces produced by strings when the structure has composite strings passing through several nodes. The notations used in this and the subsequent sections are summarized in Table 2 . We define a composite string as a string, which physically connects two or more nodes. In other words, it represents a string, which is a single physical entity and can pass through several nodes. A composite string has unique physical parameters: Young's modulus, cross-sectional area and rest length. A simple string will refer to a portion of composite string that connects exactly two nodes. For example, in Fig. 2 both s n and s p are portions of a single composite string, which passes through nodes n l , n j , and n k . In order to compute the tension in both strings the length of the total composite string should be found. This can be done by dividing the composite string into smaller simple strings, which can be represented as vectors. The total length is then the sum of the magnitudes of both vectors. Assuming a structure has σ c composite strings, a vector
] T can be introduced, which will denote the rest lengths of the composite strings. Since it is easier to analyze the system using simple strings, σ s will denote the total number of simple strings and the vector ξ = [ξ 1 . . . ξ σ s ] T will represent their current lengths, or the distance between the two nodes, to which each simple string is connected.
Composite connectivity matrix G maps the simple strings to the composite strings. For instance, if i-th composite string is divided into j-th and k-th simple strings, then G j,i = G k,i = 1, while other elements of column i of G are filled with zeros. Note that if all strings in the structure connect to exactly two nodes, simple strings can be ordered in a way such that G = I σ s , where I σ s is σ s -by-σ s identity matrix.
Previously in (2), the stiffness coefficient of the strings was considered to be constant, since string's rest length was assumed to be constant for all periods of time. However, the Hooke's law states that the force produced by a stretched string is F = (EA/L 0 ) L, where E, A, L 0 and L are Young's modulus, string's cross-sectional area, string's rest length and string's change in length, respectively. Therefore, in systems where strings' initial lengths are changing, the effect of such strings should be taken into account.
The stiffness κ ci = E i A i /ξ 0 i of i-th composite string can be mapped to the stiffness vector of the simple strings with κ s = Gκ c , where κ c = [κ c1 . . . κ cσ c ] T . The string displacement vector ξ = G(G T ξ − ξ 0 ) represents the displacements of composite strings mapped to their corresponding simple strings. The force density acting along the i-th simple string is then defined as 
C. INCORPORATING DAMPING FORCES TO TENSEGRITY DYNAMICS
In order to derive the damping forces in the strings, let us assume that the strings' rest lengths are not constant. For example, they can be varied by actuators that pull and/or release the strings. The dependence of the strings' rest lengths on the input may be described by ξ 0 (t) = ξ 0 0 + Yu(t), where ξ 0 0 is a vector of composite strings' rest lengths at 63476 VOLUME 7, 2019 the initial time step, u(t) is a vector of α inputs and Y is the matrix that maps inputs to the corresponding composite strings. Therefore, the rest length of a composite string will have a derivative:ξ 0 (t) = Yu(t), given that the input u(t) is differentiable at time step t. Therefore, the rate of change of composite strings' lengths is ξ = G(G Tξ −ξ 0 ). 
where ζ si is the i-th element of ζ s and ξ i is the i-th element of ξ . The damping forces are present when ξ i < 0 and disregarded only when composite string's total length reduces to the value below its rest length. The damping force matrix containing force vectors along the simple strings can be calculated as
The matrix of damping forces acting on each node is therefore F d = −DC s . The total force generated by strings is the sum of stiffness and damping forces. Therefore, both damping force and damping force density matrices are added to the stiffness force and stiffness force density matrices in the dynamics equations, respectively. These modifications affect the matrices K andλ, and the new equations becomê
The dynamics with the incorporation of the new equations (8) and (9) becomes:
The obtained equations of motion of a tensegrity structure are algorithmic. Algorithmic equations of motion are known for their efficiency when a system is large [37] , [38] . Also there is no need to re-derive the equations of motion if tensegrity configuration is modified. It is sufficient only to update the necessary matrices (e.g. N , C b , C r , C s and etc.) and the corresponding boundary conditions (constraints). Other advantages of equations (8)- (10) include absence of transcendental functions and constant inertia matrix, which does not depend on system states.
III. CASE STUDY A. TWO-STAGE STACKED TENSEGRITY MANIPULATOR PROTOTYPE
We designed and built a tensegrity robot with two stages as an experimental platform (see Fig. 3 ). Each stage consists of six bars, seven composite string (equivalently represented as eighteen simple strings) and one upper triangular plate. The lower stage (Stage 1) was connected to the ground using three bottom nodes (n 1 -n 3 ), while the three bottom nodes (n 13 -n 15 ) of the upper stage (Stage 2) were rigidly attached to the upper triangular plate of the Stage 1 (see Fig. 3a ). Upper triangular plate of each stage was modeled using three virtual bars (b 13 -b 15 for Stage 1 and b 16 -b 18 for Stage 2), with each bar representing an edge of the triangle. This results in a class-3 tensegrity structure since there are at most three bars connected to each of the triangular plate's nodes (e.g. n 10 has b 4 and two virtual bars b 13 and b 15 connected to it). The total mass of the plate was divided equally among the three virtual bars representing it.
We further classify the composite strings as vertical (actuated and non-actuated) and saddle. Vertical strings connect a bottom node (n 1 -n 3 or n 13 -n 15 ) in each stage with a corresponding top node (n 10 -n 12 or n 22 -n 24 ) and pass through one of the saddle nodes (n 4 -n 9 or n 16 -n 21 ). The connectivities of strings and bars in Stages 1 and 2 are summarized in Tables 3, 4 . Each actuated vertical string (s c1 -s c3 or s c8 -s c10 ) is connected to a separate actuator and each non-actuated vertical string (s c4 -s c6 or s c11 -s c13 ) is attached to a linear extension spring. These prestressed springs were added in series to the non-actuated strings in order to reduce their stiffness coefficient and allow strings to remain under tension for large displacements. The parameters of each string (EA, ζ and ξ 0 0 ) are given in the Table 5 . Saddle strings (s c7 and s c14 ) pass through all saddle nodes and connect all six bars in each stage.
The 
B. SIMULATION OF THE TENSEGRITY STRUCTURE
Seven composite strings for each stage were represented as eighteen simple strings. In order to represent the structure in class-1 form, two virtual nodes were added for each node n 10 -n 12 and n 22 -n 24 . In total φ = 18 constraints were added. The first three constraints were imposed on the bottom nodes of Stage 1, which are attached to the ground, so that they preserve their positions during the simulation. Six coincidence constraints on the virtual nodes of each stage were imposed (two for every physical node). The last three constraints deal with the connection of Stage 2 to Stage 1. Since bottom nodes of Stage 2 (n 13 -n 15 ) are rigidly attached to the upper plate of Stage 1, they have to preserve their positions with respect to Stage 1 upper plate. Each bottom node of Stage 2 was located exactly between two corresponding nodes of the upper plate of Stage 1. Therefore, the following conditions have to be satisfied at all simulation times: n 13 = (n 11 + n 12 )/2, n 14 = (n 10 + n 12 )/2, (11) n 15 = (n 10 + n 11 )/2
The detailed list of constraints is provided in Table 6 . The simulation parameters of the stacked tensegrity manipulator prototype are as follows: The simulation of the tensegrity motion was performed on a workstation (Intel Xeon E5-2620 v4 2.1 GHz) with MATLAB 2018a using ode45 solver, which uses explicit Runge-Kutta integrator of 4th and 5th order, with absolute and relative tolerances set to 10 −4 . Equation (10) should be transformed to a first order differential form for using the solver. In order to accomplish this, the second order dynamics is transformed into the following form
Subsequently, introducing the state matrix of the system as X = [NṄ ], the dynamics can be rewritten as:Ẋ = XZ + V , where Z and V are matrices defined as
Experimental Cartesian coordinates of the nodes at the starting time were taken as the initial conditions of the nodes in simulation. Also initial pre-stress levels of the strings were computed from the equilibrium condition of the initial experimental tensegrity configuration. The resulting actuated string displacements are shown in the Fig. 4 . In order to measure the motion of the tensegrity manipulator, a motion capture system with 3 × 3 × 3 m dimension was built using aluminum frames. The structure's motion was tracked at 120 Hz using a motion capture system with eight OptiTrack Prime 41 cameras. Spherical infrared reflective markers (10 mm diameter) were attached to the nodes of the tensegrity robot for tracking (see Fig. 5 ).
IV. RESULTS AND DISCUSSION
Starting from the initial nodal positions of the real robot (shown in Table 7 ), two different simulations were performed by applying the same inputs as obtained from the motors (see Fig. 4 ). One of the simulations contained the damping force, while the other did not. We defined three reference frames to compare the trajectories performed by the real robot and the simulated robot: Ground (C 0 ), Stage 1 plate (C 1 ), and Stage 2 plate (C 2 ) (see Fig. 3a ). All frames were positioned at the centers of their triangles, which were computed by taking the mean of triangle's edges:
• Ground: r 0 = (n 1 + n 2 + n 3 )/3
• Stage 1 plate: r 1 = (n 10 + n 11 + n 12 )/3
• Stage 2 plate: r 2 = (n 22 + n 23 + n 24 )/3 The coordinate axes of each frame were set as: ||(n 24 −r 2 )×(n 22 −r 2 )|| , y 2 = z 2 × x 2 Consequently, the frames were represented in the homogeneous matrix form as: These results show that damping forces are present in the real system and one way to model them is to embed them as forces in the strings. Also, for the same tensegrity configuration and motor inputs additional simulation was conducted with all strings set to be connecting only two nodes. This was done to examine how the system behaves without composite strings. The trajectories do not differ very much from the previous simulation, however the discrepancy between the real trajectory is higher. The largest discrepancy was observed in the Z-axis Euler angle and it can be observed from Fig. 8 . The simulated tensions on the non-actuated vertical strings are shown in Fig. 7 .
As expected, discrepancy between the simulation and the experiment is larger for the second stage positions and angles. This is due to accumulation of error, i.e. discrepancy of the first stage adds to the discrepancy of the second stage. The mismatch between the simulation and the experiment might be attributed to several factors. One is the negligence of the inertia of virtual bars. As mentioned above, triangular plates of each stage were approximated by slender virtual bars. Virtual bars take into account only the mass of the plates, misrepresenting their actual inertia. Another factor might be the presence of non-negligible and nonlinear (e.g. Coulomb) sliding friction between composite strings and nodes, through which these strings pass. These frictional forces would increase the damping of the tensegrity system and would reduce the amplitudes of its motion. The third source of error might be attributed to the presence of bending moments acting on the bars. These moments appear due to finite distance between holes in node attachments (through which strings pass) and bars' long axes. The root mean squared deviation of the trajectories was computed as 30.5 mm for position and 2.44 deg for orientation. The maximum value which the error in bar length preservation reached was 0.0058% of the actual bar length. The videos of the experiments are provided in the supplemental multimedia material. 
V. CONCLUSIONS
Compared to traditional rigid structures, tensegrities have multiple advantages, which make them suitable for robotic and aerospace applications. These advantages include low tensegrity to payload mass ratio, scalability from small to large sizes, increased shock absorption capability and etc. Due to their topology and configuration, tensegrity robots might be brought into motion by adjusting or shifting their equilibrium state, instead of ''fighting'' against it. This means that tensegrity robots can also be energy efficient. Thanks to these advantages, tensegrity robots might become valid alternatives to traditional industrial robots in the future. One of the goals of the manuscript was to prove that tensegrity structures are practically realizable. Accurate models of tensegrity robots are required in order to design and control them. Damping effects can not be ignored, but need to be incorporated into tensegrity dynamics. Similarly, utilization of less number of actuators is desirable and practical. For example, it would help to reduce the inertia of the tensegrity structure. Therefore, dynamics of tensegrity structures with simple strings connecting multiple nodes needs to be derived.
In this paper, the dynamics of tensegrity structures was modified to include the damping forces and simple strings connecting several nodes. A tensegrity robot was built in order to test the accuracy of the dynamic formulation. Motion capture system was constructed from aluminum frames and OptiTrack cameras in order to measure the motion of the tensegrity robot during experiments. The correctness of the resultant dynamic equations was assessed by comparing the real trajectories of tensegrity structure with the simulated ones. It was shown that with damping forces on the strings the system equations closely capture the real-world dynamics. However, there are still open and unsolved problems related to tensegrity robots, e.g. optimal control and sensing of tensegrity structures are challenging tasks. Our dynamics formulation of stacked tensegrity structures is useful for the design of their control systems. Therefore, our next objective will be nonlinear model based control of tensegrity robots.
